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1
�Õ�«�Ä�ç

1.1 ���Ø�Õ�«�Ä�ç

1.1.1 ���Ø�Õ�«�Ä�ç�w�,
Å

�ô�Í
:�¶�p�¶	6�`�h�‘�O�t , ���Ø�Õ�«�Ä�ç a⃗ �x ,

a⃗ =
(
a1 a2

)
�w�‘�O�t�î
: a1, a2 �›�;�M�o
Rü¯�Ô�p�V�” . �\�•�x , �æ�Õ�«�Ä�ç (low vector)

�q�‘�• . �G�¶�t�S�M�o , �Õ�«�Ä�ç�x , � �È�p

a⃗ =a

�w�‘�O�t¯�G�b�” . �Š�±�Ú�”�©�ß�ï�Ó�p�‹ , �›�t�…�’�s�M�v�“ , � �È�p¯�G�b�” .

�G�¶�p�x , �»�Õ�«�Ä�ç (column vector) �q�M�l�o , 
Rü�x , �<�G�w�‘�O�t	N�t��

�‚�o¯�G�b�” .

a=
(

a1

a2

)

2 �m�w���Ø�Õ�«�Ä�ç

a=
(

a1

a2

)
, b=

(
b1

b2

)

�q�î
: k �t�0�`�o , �è�q�î
:��›

a+b=
(

a1+b1

a2+b2

)
, ka=

(
ka1

ka2

)

�q���Š�” . �‡�h , �b�‚�o�w
Rü�U 0 �p�K�”�Õ�«�Ä�ç�› �µ�Õ�«�Ä�ç (zero vector)

2
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1.1. ���Ø�Õ�«�Ä�ç 3

�q�‘�• . �^�’�t , ���Ø�Õ�«�Ä�ç
¶�.�w�s�b	B�ù�›

R2 =
{(

x

y

)
,
∣∣∣x, y ∈R

}

�q�S�X . ���Ø�Õ�«�Ä�ç a⃗ =a=
(

a1

a2

)
�w�G�V�^ (�Õ�^ )

∣∣a∣∣ �x

∣∣⃗a∣∣= ∣∣a∣∣= ∣∣∣∣∣
(

a1

a2

)∣∣∣∣∣=√
a2

1 +a2
2

�p���[�^�•�” . �ô�Í
:�¶�p�x�Õ�«�Ä�ç�w�G�V�^�x
∣∣a∣∣ �w�‘�O�t
ˆ�0�‹�G�ø�›�;

�M�o¯�b�\�q�t�s�l�o�M�”�U , �\�•�T�’�x�î
:�w
ˆ�0�‹�q�à���b�”�h�Š�t , �Ž�<

�w�‘�O�s�G�ø�›�;�M�” . ∥∥a∥∥=
√

a2
1 +a2

2

�\�•�›�G�¶�p�x , �Õ�«�Ä�ç�w �Ê�ç�Ü (norm) �q�M�O.

�\�\�p , �G�V�^�U 1 �p�K�”�Õ�«�Ä�ç�› �o�•�Õ�«�Ä�ç (unit vector) �q�M�M,a �q

�‰�a�²�V�w�o�•�Õ�«�Ä�ç e �x , �Ž�<�w�‘�O�t���[�^�•�” .

e= a∥∥a∥∥ = 1√
a2

1 +a2
2

(
a1

a2

)

1.1.2 ���Ø�Õ�«�Ä�ç�w�º
u

Fig. 1.1

�ô�Í
:�¶�p�x , 2 �m�w�Õ�«�Ä�ç
−→
OA= a⃗,

−→
OB= b⃗, �w�º
u (inner product) �x , �s

�b�¯�› θ, (0≤ θ ≤π) �« 1 �q�`�o ,

a⃗ · b⃗ = ∣∣⃗a∣∣∣∣⃗b∣∣cosθ

�« 1�G�¶�p�x , Æ�s�Ü >=, <= �› ≥, ≤ �q�M�O�‘�O�t , �°�Š�w�s�ø�p¯�G�b�”
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4 1. �Õ�«�Ä�ç

�q�`�o¯�b . �`�T�`�s�U�’ , �\�•�T�’�x�è	×�w
u�q�w���‰�›†�Z�”�h�Š�t , �G�¶


:�¶�p�x ,
−→
OA=a,

−→
OB= b �q¯�G�`�o , �Ž�<�w�‘�O�s�G�ø�›�;�M�” .

(a,b) = ∥∥a∥∥∥∥b∥∥cosθ

2 �m�w���Ø�Õ�«�Ä�ç

a=
(

a1

a2

)
, b=

(
b1

b2

)
�w�º
u�x ,

(a,b) = a1b1+a2b2

�p�K�” . �‡�h , �Õ�«�Ä�ç�x �æ�» (matrix) �q�_�”�\�q�‹�D�ó�s�w�p , �f�w�q�V�t�x ,

(a,b) =t ab=
(
a1 a2

)(
b1

b2

)
= a1b1+a2b2

�q�‹�ß�Q�’�•�” . �\�\�p , ta �x a �w�8�” (transpose) �q�‘�y�•�”�‹�w�p ,

a=
(

a1

a2

)
, ta=

(
a1 a2

)
�q�`�o , ���[�^�•�” .

�º
u�t�m�M�o�x , �Í�w�,�Š
Q�í�U
R�“�q�m�\�q�›�ô�Í�p�¶	6�`�h .

�Ë�J 1.1 �¢ �º
u�w
Q�í �£ �Ú�™�w���Ø�Õ�«�Ä�ç a, b, c �q�î
: k �t�0�`�o , �Ž�<

�U
R�“�q�m .

(1)
(
a,a

)= ∥∥a∥∥2.

(2)
(
a+b,c

)= (
a,c

)+ (
b,c

)
,
(
a,b+c

)= (
a,b

)+ (
a,c

)
.

(3)
(
a,b

)= (
b,a

)
.

(4)
(
ka,b

)= (
a,kb

)= k
(
a,b

)
.

(5)
(
a,a

)≥ 0 �p�K�“�|
(
a,a

)= 0 ⇔ a= 0.

�«�J 1.1 �Ž�<�w�º
u�t���b�”�A�L�U
R�“�q�m�\�q�›�Ô�d .∥∥a+b+c
∥∥2 = ∥∥a∥∥2+∥∥b∥∥2+∥∥c∥∥2+2

(
a,b

)+2
(
b,c

)+2
(
c,a

)
�¬ �r�t � ���[�t	H�l�o�-�‰ (�2�‰) �›�æ�O .∥∥a+b+c

∥∥2 = (
a+b+c,a+b+c

)
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1.1.���Ø�Õ�«�Ä�ç5Æ¡a,a¢Å¡a,b¢Å¡a,c¢Å¡b,a¢Å¡b,b¢Å¡b,c¢Å¡c,a¢Å¡c,b¢Å¡c,c¢Æ°°a°°2Å°°b°°2Å°°c°°2Å2¡a,b¢Å2¡b,c¢Å2¡c,a¢ä�°�M,�y
(�Ú	Ú�E�q�`�o,�Ž�<�U
R�“�q�m.�Ë�J1.2�¢
(�Ú�p�K�”�h�Š�w	Ú�E�£0�p�s�M�Ú�™�w���Ø�Õ�«�Ä�ça,b�U
(�Ú�p�K�”�h�Š�wž�A	Gü	Ú�E�x,¡a,b¢Æ0�q�s�”�\�q�p�K�”.�\�w�q�V�|a?b�p¯�`,a,b�x�Ú�¦�b�”�q�M�O.�‡�h,�Í�wÆ�s�Ü�U
R�“�q�m�\�q�x�‘�X�Œ�’�•�o�M�”.�Ë�J1.3�¢Æ�s�Ü�w
Q�í�£�Ú�™�w���Ø�Õ�«�Ä�ça,b�t�0�`�o,�Ž�<�wÆ�s�Ü�U
R�“�q�m.(1)(�~�¯Æ�s�Ü)°°aÅb°°·°°a°°Å°°b°°.(2)(�³�á�ë�ç�À�wÆ�s�Ü)¯¯¡a,b¢¯¯·°°a°°°°b°°.�¬	Â�Ì�(2)�w�ˆ	Â�Ì�›�æ�O.aÆÃa1a2!,bÆÃb1b2!�q�S�Z�y,°°a°°2°°b°°2¡¡a,b¢2Æ¡a2

1Åa2

2¢¡b2

1Åb2

2¢¡¡a1b1Åa2b2¢2Æa2

1b2

1Åa2

1b2

2Åa2

2b2

1Åa2

2b2

2¡(a2

1b2

1Å2a1b1a2b2Åa2

2b2

2)Æ(a1b2¡b1a2)2¸0�‡�h,a,b6Æ0�w�q�V,�s�ø�x,a1b2¡a2b1Æ0)aÆkb�w�q�V,�b�s�˜�j,a�qb�U���æ�p�K�”�q�V
R�q�b�”.1.1.3���Ø�t�S�Z�”�Ú
¢�w�M���Ü���Ø	Í�w�Ú
¢�x,�è�”1�:�q,�f�w�Ú
¢�t���æ�s�Õ�«�Ä�ç�p�K�”�M�²�Õ�«�Ä�ç�›1�m�>�Š�•�y���‡�”.�\�•�›�o�t,�®�Ú
¢�x,1�:�q�M�²�Õ�«�Ä�ç�p�>�‡�”.
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6 1. �Õ�«�Ä�ç

�q���™�x�r	�b�” .

�«�J 1.2 �: (x0, y0) �›�è�“ , �Õ�«�Ä�ç a =
(

1

m

)
�t���æ�s�Ú
¢�w�M���Ü�x

y = m(x − x0)+ y0 = mx −mx0 + y0 �p�K�” . �î�M , �\�w�‘�O�s�Ú
¢	Í�w�:

(x, y) �x �Í�å�Ý�”�» (parameter) t �›�;�M�o

x=
(

x

y

)
=

(
x0

y0

)
+ t

(
1

m

)

�q¯�d�” . �\�•�‘�“ , x = x0+ t , y = y0+mt �p�K�”�T�’ , t �›	«�ˆ�b�•�y�Ú
¢

�w�M���Ü�U�˜�’�•�” .

�«�™ 1.1 �Í�å�Ý�”�» t �x , ��p�!
: �q�‹�z�y�•�” .

���[ 1.1 �¢ ���Ø�t�S�Z�”�Ú
¢�w�Í�å�Ý�”�»¯�Ô �£ ���Ø�t�S�Z�”�Ú
¢	Í�w�:

�›¯�b�Õ�«�Ä�ç x �x , �Ú
¢	Í�w�K�” 1 �:�›¯�b�Õ�«�Ä�ç x0 �q�M�²�›¯�b �M

�²�Õ�«�Ä�ç v(=0) �q�Í�å�Ý�”�» t �›�;�M�o

x=x0+ tv

�q¯�d�”�}�\�w�‘�O�s¯�Ô�› �Ú
¢�w�Í�å�Ý�”�»¯�Ô (�Ú
¢�w��p�!
:¯�Ô )

�q�M�O�}�K�”�M�x , �Ú
¢�w�Õ�«�Ä�ç�M���Ü �q�M�O�}

�Ú
¢�w�Í�å�Ý�”�»¯�Ô x=x0+ tv �t

x=
(

x

y

)
, x0 =

(
x0

y0

)
, v =

(
v1

v2

)
�›�E�Ö�b�”�q

x=
(

x

y

)
=

(
x0

y0

)
+ t

(
v1

v2

)
=

(
x0+ t v1

y0+ t v2

)
�q�s�” . �\�•�‘�“ t �›	«�ˆ�b�•�y(

x −x0

y − y0

)
= t

(
v1

v2

)
⇔ v2(x −x0) = v1(y − y0)

�q�s�”�w�p , a = v2, b =−v1, c =−v2x0+ v1y0 �q�S�Z�y

ax +by + c = 0
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�q¯�d�” . �m�‡�“���Ø�º�w�Ú
¢�w�M���Ü�x x �q y �w �°�Í�M���Ü�q�s�” .

�«�™ 1.2 �Í
…�p
†�Ì�b�” 3 �Í�i�í���p�x , �à���b�”�h�Š�t ,

ax +by + c = 0, z = 0

�q¯�G�b�” . �b�s�˜�j , 3 �Í�i�í���p�x , ax +by + c = 0 �i�Z�p�x���Ø�w�M���Ü�›¯�b�\

�q�t�«�™�Už�A�p�K�” .

�ð 1.1 2 �: A(2,1), B(1,5) �›�è�”�Ú
¢�w�Í�å�Ý�”�»¯�Ô (�Õ�«�Ä�ç�M���Ü ) �›�{�Š�‘ .

Fig. 1.2

�Ú
¢�w�Í�å�Ý�”�»¯�Ô�t�S�Z�”���w�r	�q�`�o , Fig. 1.2 �w�‘�O�t , 
¢ü AB �›

t : 1− t , (0≤ t ≤ 1) �t�ºü�`�o�M�”�q�ß�Q�•�y ,

−→
OP= (1− t )

−→
OA+ t

−→
OB=−→

OA+ t
−→
AB

⇔ p=a+ t (b−a)

�p�K�“ , �Í�å�Ý�”�»¯�Ô�q�°�•�b�” .

�«�™ 1.3 t < 0, 1< t �‡�p�¦�Á�b�•�y , 
¢ü AB �T�’�Ú
¢ AB �›¯�b�\�q�t�s�” . �\�\�p , t

�›�>�t�Ì���q�ˆ�s�d�y ,
−→
OA �x , t = 0 �w�q�V , �: A, t = 1

2
�w�q�V , 
¢ü AB �w�¤�: , t = 1 �w

�q�V , �: B �›�¦�b�q�r	�b�”�\�q�U	Z�R�” .

�«�™ 1.4 �Ÿ�s�” 2 �: A(x1, y1), B(x2, y2) (�h�i�` , x1 ̸= x2 �T�m y1 ̸= y2) �›�è�”�Ú
¢�U ,

�ô�Í
:�¶�p�x

y − y1 = y2− y1

x2−x1
(x −x1) or y − y2 = y2− y1

x2−x1
(x −x2)

x −x1

x2−x1
= y − y1

y2− y1
or

x −x2

x2−x1
= y − y2

y2− y1

�q�G	\�^�•�o�M�” . �`�T�` , �\�w¯�G�t�x , x1 ̸= x2, y1 ̸= y2 �›ž�A�q�b�” . �f�\�p , �M�²�Õ

�«�Ä�ç v =−→
AB=

(
x2−x1

y2− y1

)
�›�‹�Ö�b�•�y ,

p=−→
OA+ t

−→
AB=−→

OA+ tv
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⇔ p=
(

x1

y1

)
+ t

(
x2−x1

y2− y1

)
or p=

(
x2

y2

)
+ t

(
x2−x1

y2− y1

)
�q¯�G�b�”�M�U�Š�í�$�p�K�” .

1.1.4 
Y�ù�è�Õ�«�Ä�ç

�j�: O �q�b�”�2ª���Ø	Í�t�Ÿ�s�” 2 �: A, B �›�ß�Q�” . �‡�h ,
−→
OA=a,

−→
OB= b

�q�b�” . �h�i�` , ∠AOB= θ, 0< θ < π

2
�q�b�” . �: A �T�’�: O �›�•�:�q�b�”R�Ú


¢ OB �t�<�`�h
(
¢�qR�Ú
¢ OB �q�w�¦�:�› H �q�b�” . �\�w�q�V ,
−−→
OH =h �› 
Y

�ù�è�Õ�«�Ä�ç (orthographic projection vector) �q�M�O. 
Y�ù�è�Õ�«�Ä�ç�x , �¬

�å�Ü�~�³�á�Û�¿�Ä�w
Y�F�Ú�¦�=�O (Gram-Schmidt orthonormalization) �p�b

�;�^�•�” .

�«�J 1.3 
Y�ù�è�Õ�«�Ä�ç�U�Ž�<�p¯�^�•�”�\�q�›�Ô�d .

−−→
OH =h= (a,b)

∥b∥2 b

Fig. 1.3

�¬ �r�t � �‡�c , OH = ∥a∥cosθ �p�K�” . �^�’�t , b �w�o�•�Õ�«�Ä�ç�t OH ��b

�•�y�‘�M�w�p ,

−−→
OH =h= ∥a∥cosθ · b

∥b∥ = ∥a∥∥b∥cosθ

∥b∥2 b= (a,b)

∥b∥2 b □

���[ 1.2 �¢ ���Ø	Í�w�Ú
¢�w�Õ�«�Ä�ç�M���Ü �£ ���Ø�t�S�Z�”�Ú
¢	Í�w�:�›¯

�b�Õ�«�Ä�ç x �x�|�Ú
¢	Í�w�K�” 1 �:�›¯�b�Õ�«�Ä�ç x0 �q�Ú
¢�q
(�Ú�s�Õ�«

�Ä�ç n( ̸=0) �›�;�M�o

(x−x0,n) = 0
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�q¯�d�”�} n �›�\�w�Ú
¢�w�O
¢�Õ�«�Ä�ç�q�M�O�}

�«�™ 1.5 �Ú
¢�w�Í�å�Ý�”�»¯�Ô x=x0+tv �›�Õ�«�Ä�ç�M���Ü�q�z�œ�i�U , (x−x0,n) =
0 �‹�Ú
¢�w�Õ�«�Ä�ç�M���Ü�q�‘�• .

�Õ�«�Ä�ç�M���Ü (x−x0,n) = 0 �t x=
(

x

y

)
, x0 =

(
x0

y0

)
, n=

(
a

b

)
�›�E�Ö�b�”�q

0= (x −x0)a + (y − y0)b = ax +by −ax0−by0

�q�s�”�w�p , c =−ax0−by0 �q�S�Z�y

ax +by + c = 0

�q¯�d�” . �‘�l�o , ���Ø	Í�w�Ú
¢�‹ x �q y �w�°�Í�M���Ü�p¯�`�h�q�V , x, y �w

��
: a, b �U�Ú
¢�w�O
¢�Õ�«�Ä�ç�w
Rü�q�s�l�o�M�”�\�q�U�˜�T�” . �b�s�˜�j ,

n=
(

a

b

)
�p�K�” .

Fig. 1.4

�o�t , �Õ�«�Ä�ç a ̸= 0 �›�)�Q�o , a �q�w�º
u�U�°���p�K�”�: P �w�J
{�›�ß�Q�” .

�b�s�˜�j , (x,a) =C , (C �x��
: ) �p�K�”�q�V , x �w�J
{�›�{�Š�” . Fig. 1.4 �t�S�M

�o , A �›
−→
OA=a �t�q�“ ,

−→
OP=x �q�b�” .

�\�w�q�V , x0 =−−→
OH �q�b�”�q

∥∥∥−→OP
∥∥∥cosθ =OH �t�£�è�`�o ,

(x0,a) =
∥∥∥−−→OH

∥∥∥ ·∥∥∥−→OA
∥∥∥=

∥∥∥−→OP
∥∥∥ ·∥∥∥−→OA

∥∥∥cosθ

= (x,a) =C
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�`�h�U�l�o ,

(x−x0,a) = 0

�q�s�“ , a �›�O
¢�Õ�«�Ä�ç�t�Ë�m�Ú
¢�›¯�b .

�ð 1.2 �j�: O �q�b�”�2ª���Ø�›�ß�Q�” . �Ú
¢ y =−x +2 	Í�w�ˆ�: P, �S�‘�|���: A(2,2)

�t�0�`�o , �º
u
(−→
OP,

−→
OA

)
�U�°���p�K�”�\�q�›�Ô�d .

�«�J 1.4 △OAB �t�S�M�o , OA= 5, OB= 8, AB= 7 �q�b�” . △OAB �w
(	ú�› H

�q�b�” .
−−→
OH =h �›

−→
OA=a,

−→
OB= b �›�;�M�o¯�d .

�¬ �r�t � �º
u (a,b) �›�{�Š�” .

AB2 = ∥b−a∥2 = ∥a∥2−2(a,b)+∥b∥2

⇔ 49= 25−2(a,b)+64

⇒ (a,b) = 20

�‡�h , h �x�î
: s, t �›�b�;�`�o ,

h= sa+ tb

�q�G	\�p�V�” . �\�\�p , �Ú
¢ AH 	Í�w�Ú�™�w�: P �t�0�`�o , �º
u
(
b,
−→
OP

)
�x�°���p

�K�” . �b�s�˜�j , (
b,
−→
OP

)
= (b,h) = (a,b)

�U
R�“�q�m . �‰�7�t , �Ú
¢ BH 	Í�w�Ú�™�w�: Q �t�0�`�o , �º
u
(
a,

−−→
OQ

)
�‹�°���p

�K�” . �Ž	Í�‘�“ , (
a,

−−→
OQ

)
= (a,h) = (a,b)

�7	4�$�t ,

(a,b) = (a,h) = (b,h)

�U
R�“�q�m . �Ž	Í�‘�“ ,{
(a,b) = (a,h) ⇒ s∥a∥2+ t (a,b) = (a,b) ⇒ 25s +20t = 20

(a,b) = (b,h) ⇒ s(a,b)+ t∥b∥2 = (a,b) ⇒ 20s +64t = 20

⇒ (s, t ) =
(

11

15
,

1

12

)
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�`�h�U�l�o ,

h= 11

15
a+ 1

12
b □

Fig. 1.5

���r�q�`�o , 
Y�ù�è�Õ�«�Ä�ç�›�b�;�b�” . Fig. 1.5 �w�‘�O�t 2 �: C, D �›�q�” .

�: C �x�: A �w
Y�ù�è , �: D �x�: B �w
Y�ù�è�s�w�p ,

−→
OC= (a,b)

∥b∥2 b= 5

16
b,

−−→
OD = (a,b)

∥a∥2 a= 4

5
a

�°�M , AH:HC=α : 1−α, BH:HD=β : 1−β �t�ºü�b�”�q�ß�Q�•�y ,

h=α
−→
OC+ (1−α)a= (1−α)a+ 5α

16
α¡¡!
OD(1 7∈△1βa△3′̸4
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�«�™ 1.6 �Ý�É�å�¢�µ�w���g�‘�“ ,

AD

DO
· OB

BC
· CH

HA
= 1

4
· 16

11
· 1−α

α
= 1 ⇒ α= 4

15
�q�{�Š�”�\�q�‹�D�ó�p�K�” .

�ð 1.3 △OAB �t�S�M�o , OA= 4, OB= 3, ∠OAB= π

3
�q�b�” . △OAB �w
(	ú�› H �q�b�” .

−−→
OH =h �›

−→
OA=a,

−→
OB=b �›�;�M�o¯�d .

1.1.5 ���Ø�t�S�Z�”���w�M���Ü

���Ø	Í�w���x , �¤	ú�qR���p���‡�” .

�«�J 1.5 �¤	ú (a,b), R�� r (> 0) �w�M���Ü�x (x −a)2+ (y −b)2 = r 2 �p�K�” .

�î�M , �\�w�‘�O�s��	*	Í�w�: (x, y) �x�Í�å�Ý�”�» θ, (0≤ θ < 2π) �›�;�M�o

x=
(

x

y

)
=

(
a

b

)
+

(
r cosθ

r sin θ

)

�q¯�d�” . �\�•�‘�“ , x = a + r cosθ, y = b + r sin θ �p�K�”�T�’ , θ �›	«�ˆ�b�•

�y���w�M���Ü�U�˜�’�•�” . �\�w¯�Ô�x , ���w�Í�å�Ý�”�»¯�Ô�q�z�y�•�” .

���[ 1.3 �¢ ���w�Õ�«�Ä�ç�M���Ü �£ ���Ø�t�S�Z�”��	*	Í�w�:�›¯�b�Õ�«�Ä�ç

x �x , �¤	ú�w�•�”�Õ�«�Ä�ç a �qR�� r �›�;�M�o

∥x−a∥ = r���w��� �£ �� .
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�w�‘�O�t�î
: a1, a2, a3 �›�;�M�o
Rü¯�Ô�p�V�” . 2 �m�w�í���Õ�«�Ä�ç

a=


a1

a2

a3

 , b=


b1

b2

b3


�q�î
: k �t�0�`�o , �è�q�î
:��›

a+b=


a1+b1

a2+b2

a3+b3

 , ka=


ka1

ka2

ka3


�q���Š�” . �\�•�’�x , z 
Rü�U
ÿ�Q�h�Ž�Ž , ���Ø�Õ�«�Ä�ç�w�,
Å 1.1.1 �p���Š�h��

�‰�q
¶�X�‰�7�p�K�” .

���Ø�Õ�«�Ä�ç�‰�7�t , �í���Õ�«�Ä�ç a=


a1

a2

a3

 �w�Ê�ç�Ü (�G�V�^ )
∥∥a∥∥ �x

∥∥a∥∥=
√

a2
1 +a2

2 +a2
3

�p���[�^�•�” . �‡�h , a �q�‰�a�²�V�w�o�•�Õ�«�Ä�ç e �x , �Ž�<�w�‘�O�t���[�^

�•�” .

e= a∥∥a∥∥ = 1√
a2

1 +a2
2 +a2

3


a1

a2

a3


1.2.2 �í���Õ�«�Ä�ç�w�º
u

���Ø�Õ�«�Ä�ç�‰�7�t , 2 �m�w�Õ�«�Ä�ç
−→
OA= a,

−→
OB= b �w�º
u�x , �s�b�¯�› θ,

(0≤ θ ≤π) �q�`�o ,

(a,b) = ∥∥a∥∥∥∥b∥∥cosθ

�w�‘�O�t¯�b . 2 �m�w�í���Õ�«�Ä�ç

a=


a1

a2

a3

 , b=


b1

b2

b3


�w�º
u�x ,

(a,b) = a1b1+a2b2+a3b3
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�p�K�” .

�º
u�t�m�M�o�x , ���Ø�Õ�«�Ä�ç�‰�7 , �Ë�J 1.1 �U�‰�7�t
R�“�q�m .

�«�J 1.6 �í���w 2 �m�w�Õ�«�Ä�ç a=


3

2

1

, b=


2

−1

3

 �w�s�b�¯ θ, (0< θ < π)

�›�{�Š�‘ .

�¬ �r�t � �‘�X�Œ�’�•�o�M�”�‘�O�t , �Ž�<�w�¬�Ü�U
R�“�q�m .

cosθ = (a,b)

∥a∥∥b∥
�`�h�U�l�o ,

cosθ = (a,b)

∥a∥∥b∥ = 7p
14·p14

= 1

2

�`�h�U�l�o , θ = π

3
. □

�ð 1.5 �î
: t �t�0�`�o , 3 �: A(2,4,0), B(0,2,0), P(0,4−t2,2t ) �›���Š�” . �\�w�q�V ,∠BAP

�›�{�Š�‘ . (1987 �G�U�G�¶ (�~�J ))

1.2.3 �Ž
u

2 �m�w�Õ�«�Ä�ç
−→
OA=a,

−→
OB= b, �w�Ž
u (cross product) �›���[�b�” .

Fig. 1.6
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���[ 1.4 �¢ �Ž
u �£ 2 �m�w�Õ�«�Ä�ç
−→
OA=a,

−→
OB= b �w�Ž
u�›

−→
OA×−→

OB=a×b

�q�G	\�b�” . �\�w�q�V ,

(0) a, b �w	—�s�X�q�‹�°�M�U 0 �w�q�V , a×b= 0 �q���Š�” .

(1) a, b �U�q�‹�t 0 �p�s�M�q�V , a×b �x , a, b �w�†�M�t
(�Ú�s�Õ�«�Ä�ç�p�K

�” . �f�w�²�V�x , a, b, a×b �w	q�p�È	��%�q�s�” . �b�s�˜�j , �: A �T�’�:

B �t�²�T�O�‘�O�t�s�`�h�q�V , �v�a�U
��‰�M�²�p�K�” .

(2) a×b �w�G�V�^ ∥a×b∥ �x , a, b �w�s�b�¯�› θ, (0≤ θ ≤π) �q�`�o ,

∥a×b∥ = ∥a∥∥b∥sin θ (1.1)

(3) 2 �m�w�í���Õ�«�Ä�ç

a=


a1

a2

a3

 , b=


b1

b2

b3


�w�Ž
u a×b �w
Rü¯�Ô�x ,

a×b=


a2b3−a3b2

a3b1−a1b3

a1b2−a2b1

 (1.2)

�p�K�” .

�«�™ 1.7 �Ž
u�w�-�‰�x , �Ž�<�w�‘�O�t�®�Q�o�S�X�q�(�b�p�K�” .

�Ë�J 1.4 �¢ �Ž
u�w
Q�í �£ �Ú�™�w�í���Õ�«�Ä�ç a, b, c �q�î
: k �t�0�`�o , �Ž�<

�U
R�“�q�m .

(1) a×a= 0.
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(2)
(
a+b

)×c=a×c+b×c, a× (
b+c

)=a×b+a×c.

(3) a×b=−b×a.

(4) (ka)×b=a× (kb) = k(a×b).

�«�™ 1.8 (3) �x�A�«�™�p�K�” . �b�s�˜�j , �Ž
u�w�¦�õ�O���x
R�“�q�h�c , 	qj�›�!�Ë�b�”

�q , �²�V�U�o�t�s�” .

�Í�t , �é�.�$�s�«�J�›�è�`�o , 
Q�í�›�¬�Ý�b�” .

�«�J 1.7 3 �: A(1,1,4), B(2,1,5), C(3,−1,8) �p�K�”�q�V , △ABC �w�Ø
u S �›

�{�Š�‘ .

�¬ �r�t � �Ž
u�w
Q�í (1.1) �›�b�;�b�” . �b�s�˜�j , AB, AC �› 2 �%�q�b�”���æ�›

�%���w�Ø
u�w
1

2
�U S �p�K�”�\�q�›�b�;�b�” . �‡�c , 2 �%�›¯�b�Õ�«�Ä�ç�x ,

−→
AB= b=


1

0

1

 ,
−→
AC= c=


2

−2

4


�`�h�U�l�o , �Ø
u S �x ,

S = 1

2
∥b∥∥c∥sin θ = 1

2
∥b×c∥ = 1

2

∣∣∣∣∣∣∣∣2


1

−1

−1


∣∣∣∣∣∣∣∣=

p
3 □

�«�™ 1.9 �ô�Í
:�¶�p�x , �í���º�w △ABC �w�Ø
u S �x , �Ž�<�w�¬�Ü�›�b�;�b�” .

S = 1

2

√∣∣∣−→AB
∣∣∣2∣∣∣−→AC

∣∣∣2− (−→
AB·−→AC

)2
(1.3)

�\�•�›�b�;�b�•�y ,

S = 1

2

√p
2

2 · (2p6)2−62 =p
3

�q�{�Š�”�\�q�U	Z�R�” . �`�T�`�s�U�’ , �Ž�<�w�ð�J
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�®�î
: x �t�0�`�o ,
−→
OA=

 x

x +1

x −1

,
−→
OB=

x −1

x

x +1

 �p�K�”�q�V , △OAB �w�Ø
u S �w�7	–�‹

�›�{�Š�‘ . �¯

�p�x , �Ž
u�w�b�;�U�y�W�$�t���b�t�s�” . �î�M ,

S = 1

2

∥∥∥−→OA×−→
OB

∥∥∥= 1

2

∣∣∣∣∣∣∣
 3x +1

−3x +1

1


∣∣∣∣∣∣∣=

1

2

√
18x2+3

�‘�“ , x = 0 �w�q�V , �7	–�‹ S ≥
p

3

2
�›�q�”�\�q�U�0�›�t�Ô�^�•�” .

�ð 1.6 3 �: O(0,0,0), P(1,0,a), Q(0,2,b) �p�K�”�q�V , △OPQ �w�Ø
u S �› a, b �›�;�M�o

¯�d .

�«�J 1.8 2 �m�w�í���Õ�«�Ä�ç a=


1

0

−2

, b=


−2

1

1

 �w�†�M�t
(�Ú�s�G�V�^ 1

�w�Õ�«�Ä�ç e �›�{�Š�‘ .

�¬ �r�t � �Ž
u�w�-�‰�Ü (1.2) �›�b�;�b�” .
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�ð 1.7 2 �m�w�í���Õ�«�Ä�ç a=

−1

1

1

, b=

2

1

0

 �w�†�M�t
(�Ú�s�o�•�Õ�«�Ä�ç�›�{�Š�‘ .

1.2.4 �µ�§�å�”�~	O
u

�Ž�<�w�‘�O�s���æ�á�Ø�.�w�.
u V �›�{�Š�‘�O .

Fig. 1.7

Fig. 1.7 �‘�“ , a, b �› 2 �%�q�b�”���æ�›�%���w�Ø
u�› S �q�`�o ,

V = S ·OH = ∥a∥∥b∥sin θ · ∥c∥|cosϕ| = ∥a×b∥ ·∥c∥|cosϕ|
= ∣∣(a×b,c

)∣∣
�p�)�Q�’�•�” . �›�t ,

(
a×b,c

)
�› �µ�§�å�~	O
u (scalar triple product) �q�M�O.

�™�t�{�O �æ�»�Ü (determinant) �›�b�;�b�•�y ,

a=


a1

a2

a3

 , b=


b1

b2

b3

 , c=


c1

c2

c3


�q�`�o ,

(
a×b,c

)=
∣∣∣∣∣∣∣∣

a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣∣∣
= c1

∣∣∣∣∣ a2 a3

b2 b3

∣∣∣∣∣− c2

∣∣∣∣∣ a1 a3

b1 b3

∣∣∣∣∣+ c3

∣∣∣∣∣ a1 a2

b1 b2

∣∣∣∣∣
= a1b2c3+a2b3c1+a3b1c2− (a3b2c1+a1b3c2+a2b1c3)
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�«�J 1.9 4 �: A(1,−1,3), B(2,1,0), C(1,−1,5), D(−3,1,2) �p�K�”�q�V , �›�Ø

�. ABCD �w�.
u V �›�{�Š�‘ .

�¬ �r�t � �µ�§�å 3 	O
u�›�b�;�b�” . �b�s�˜�j , AB, AC, AD �› 3 �%�q�b�”���æ�á

�Ø�.�w�.
u�w
1

6
�U V �p�K�”�\�q�›�b�;�b�” . �‡�c , 3 �%�›¯�b�Õ�«�Ä�ç�x ,

−→
AB= b=


1

2

−3

 ,
−→
AC= c=


0

0

2

 ,
−→
AD =d=


−4

2

−1


�`�h�U�l�o , �.
u V �x ,

V = 1

6

∣∣(b×c,d
)∣∣= 1

6

∣∣∣(


4

−2

0

 ,


−4

2

−1

 )∣∣∣= 10

3
□

Fig. 1.8

�«�™ 1.10 �ô�Í
:�¶�wc�“�p�r�X�w�p�K�•�y , �Ž�<�w	�	q�q�s�” . �‡�c , △ ABC �w�Ø
u�›

(1.3) �t�‘�l�o�-�‰�b�” .
−→
AB=

 1

2

−3

,
−→
AC=

0

0

2

 �s�w�p ,

S = 1

2

√∣∣∣−→AB
∣∣∣2∣∣∣−→AC

∣∣∣2− (−→
AB·−→AC

)2 =p
5

�°�M , �Ö�: D �T�’ △ ABC �•�<�`�h
(
¢�w��› H(x, y,z) �q�b�•�y , 2 �m�w�î
: s, t �›�b�;
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�`�o ,

−−→
DH =−→

DA+ s
−→
AB+ t

−→
AC=

 4

−2

1

+ s

 1

2

−3

+ t

0

0

2

=

 4+ s

−2+2s

1−3s +2t


�w�‘�O�t¯�q�^�•�” �« 3. �\�\�p ,

−−→
DH �x ,

−→
AB,

−→
AC �w�†�M�t
(�Ú�s�w�p ,

−−→
DH ·−→AC=

 4+ s

−2+2s

1−3s +2t

 ·

 1

2

−3

= 14s −6t −3= 0

−−→
DH ·−→BC=

 4+ s

−2+2s

1−3s +2t

 ·

0

0

2

= 2(1−3s +2t ) = 0

�\�•�’�›�r�M�o , s = 0, t =−1

2
�›�˜�” . �`�h�U�l�o ,

−−→
DH =

 4

−2

0

. �b�s�˜�j ,
∥∥∥−−→DH

∥∥∥= 2
p

5.

�Ž	Í�‘�“ , �{�Š�”�.
u V �x ,

V = 1

3

∥∥∥−−→DH
∥∥∥×△ABC= 1

3
·2p5 ·p5= 10

3
□

�\�w�‘�O�t , �G�!�s�-�‰�›�§�M�’�•�” .

�ð 1.8 4 �: A(2,1,2), B(2,3,6), C(3,6,2) �p�K�”�q�V , �›�Ø�. OABC �w�.
u V �›�{�Š�‘ .

1.2.5 �Õ�«�Ä�ç�~	O
u

3 �m�w�í���Õ�«�Ä�ç a, b, c �t�0�`�o ,

a× (b×c)

�› �Õ�«�Ä�ç�~	O
u (vector triple product) �q�M�O.

�Ë�J 1.5 �¢ �Õ�«�Ä�ç�~	O
u�w
Q�í �£ �Ú�™�w�í���Õ�«�Ä�ç a, b, c �t�0�`�o , �Ž

�<�U
R�“�q�m .

(1) a× (b×c) = (a,c)b− (a,b)c.

(2) a× (b×c)+c× (a×b)+b× (c×a) =0.

�¬ 	Â�Ì � (1) �w�ˆ�Ô�b . 2 �m�w�í���Õ�«�Ä�ç

b=


b1

b2

b3

 , c=


c1

c2

c3


�« 3�\�•�x , �™���{�˜�•�”�í���º�w���Ø�w�Õ�«�Ä�ç�M���Ü�p�K�” .
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�w�Ž
u�x ,

b×c=


b2c3−b3c2

b3c1−b1c3

b1c2−b2c1

=


d1

d2

d3


�p�K�” . �`�h�U�l�o ,

a× (b×c) =


a2d3−a3d2

a3d1−a1d3

a1d2−a2d1


�\�\�p , �¤
Rü�›�-�‰�b�•�y ,

a2d3−a3d2 = a2(b1c2−b2c1)−a3(b3c1−b1c3)

= (a2c2+a3c3)b1− (a2b2+a3b3)c1

= (a1c1+a2c2+a3c3)b1− (a1b1+a2b2+a3b3)c1

= (a,c)b1− (a,b)c1

a3d1−a1d3 = a3(b2c3−b3c2)−a1(b1c2−b2c1)

= (a1c1+a3c3)b2− (a1b1+a3b3)c2

= (a1c1+a2c2+a3c3)b2− (a1b1+a2b2+a3b3)c2

= (a,c)b2− (a,b)c2

a1d2−a2d1 = a1(b3c1−b1c3)−a2(b2c3−b3c2)

= (a1c1+a2c2)b3− (a1b1+a2b2)c3

= (a1c1+a2c2+a3c3)b3− (a1b1+a2b2+a3b3)c3

= (a,c)b3− (a,b)c3

�‘�l�o	Â�Ì�U�ì�ƒ�b�” . □

1.2.6 �í���t�S�Z�”�Ú
¢�w�M���Ü

���Ø	Í�w�Ú
¢�‰�7 , �Ú
¢	Í�w 1 �:�q , �M�²�Õ�«�Ä�ç�U�>�‡�•�y 1 �m�t���‡�” .

���[ 1.5 �¢ �í���t�S�Z�”�Ú
¢�w�Í�å�Ý�”�»¯�Ô �£ �í���t�S�Z�”�Ú
¢	Í�w�:

�›¯�b�Õ�«�Ä�ç x �x , �Ú
¢	Í�w�K�” 1 �:�›¯�b�Õ�«�Ä�ç x0 �q�M�²�›¯�b �M
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�²�Õ�«�Ä�ç v( ̸=0) �q�Í�å�Ý�”�» t �›�;�M�o

x=x0+ tv =


x0

y0

z0

+ t


a

b

c


�q¯�d�”�}

x=


x

y

z

 �q�`�o , ���[�‘�“ t �›	«�ˆ�b�•�y

x −x0

a
= y − y0

b
= z − z0

c

�q�G	\�^�•�o�M�” . �`�T�` , �\�w¯�G�t�x , a ̸= 0, b ̸= 0, c ̸= 0 �›ž�A�q�b�” .

�ð 1.9 2 �: A(−1,1,0), B(0,−1,1) �›�è�”�Ú
¢�w�Í�å�Ý�”�»¯�Ô�›�{�Š�‘ . �^�’�t , �Ú
¢�w

�M���Ü�›�{�Š�‘ .

�«�J 1.10 �: A(2,1,6) �T�’ , �Ú
¢
x −5

−2
= y

3
= z −1 �•�<�`�h
(
¢�w��› H

�q�b�” . �: H �›�{�Š�‘ .

�¬ �r�t � �: H �x�Ú
¢	Í�t�K�”�w�p , �Í�å�Ý�”�» t �›�‹�Ö�` ,

x −5

−2
= y

3
= z −1= t

�q�S�X�\�q�t�‘�“ ,

−−→
OH =


−2t +5

3t

t +1



�\�w�q�V ,
−→
AH �q�Ú
¢�w�M�²�Õ�«�Ä�ç v =


−2

3

1

 �U
(�Ú�s�w�p ,

(−→
AH,v

)
=

(
−2t +3

3t −1

t −5

 ,


−2

3

1

)
= 14t −14= 0 ⇒ t = 1
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�`�h�U�l�o , H(3,3,2). □
���r�q�`�o ,

∥∥∥−→AH
∥∥∥2

�U�7	–�q�s�”�q�V , �J�™�›�¬�h�b .∥∥∥−→AH
∥∥∥2 = (−2t +3)2+ (3t −1)2+ (t −5)2 = 14(t −1)2+21

�`�h�U�l�o , t = 1 �w�q�V�7	–�q�s�” . �\�w�q�V , H(3,3,2) �T�m�7	–�‹�x
p

21 �p

�K�” . □
�ð 1.10 2 �: A(2,1,0), B(1,1,1) �›�è�”�Ú
¢ ℓ 	Í�t�ˆ�: P �›�q�” . 
¢ü OP �w�7	–�‹�›�{

�Š�‘ .

�«�J 1.11 A(1,0,1), B(0,−1,0) �›�è�”�Ú
¢ ℓ �q C(−1,0,3), D(−4,−1,4) �›�è

�”�Ú
¢ m �U 1 �:�p�¦�˜�”�\�q�›�Ô�` , �f�w�¦�:�›�{�Š�‘ .

�¬ �r�t � �Ú
¢ AB, �Ú
¢ CD �x , �f�•�g�•�Í�å�Ý�”�» s, t �›�b�;�`�o ,
x

y

z

=−→
OA+ s

−→
AB=


1

0

1

+ s


−1

−1

−1

=


1− s

−s

1− s




x

y

z

=−→
OC+ t

−→
CD =


−1

0

3

+ t


−3

−1

1

=


−1−3t

−t

3+ t


�‹�`�¦�:�U���O�b�”�s�’ , 

1− s

−s

1− s

=


−1−3t

−t

3+ t


�U
¶�o
R�“�q�m . �f�\�p , x 
Rü y 
Rü�t�£�è�` ,{

1− s =−1−3t

−s =−t
⇒ (s, t ) = (−1,−1)

�\�•�x , z 
Rü 1− s = 3+ t = 2 �›�¬�h�b . �`�h�U�l�o , �¦�:�U���O�` , �f�w�¦�:�x ,

(2,1,2). □
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�«�J 1.12 �Ú
¢ ℓ : x+ y =−1, z = 0 	Í�t�ˆ�: P, �Ú
¢ m : x = y =− z −2

2
	Í

�t�ˆ�: Q �U�K�” . 
¢ü PQ �w�7	–�‹�›�{�Š�‘ .

Fig. 1.9

�¬ �r�t � �ˆ�: P, �ˆ�: Q �x , �f�•�g�•�Í�å�Ý�”�» s, t �›�b�;�`�o ,

−→
OP=


s

−s −1

0

 ,
−−→
OQ=


t

t

−2t +2



¢ü PQ �U�7	–�q�s�”�t�x ,

−→
PQ �U�Ú
¢ ℓ, m �w�f�•�g�•�w�M�²�Õ�«�Ä�ç v1, v2

�t�0�` , �ž�t
(�Ú�q�s�”�q�V�p�K�” . �`�h�U�l�o ,

(−→
PQ,v1

)
=

(
t − s

t + s +1

−2t +2

 ,


1

−1

0

)
=−2s −1= 0 ⇒ s =−1

2

(−→
PQ,v2

)
=

(
t − s

t + s +1

−2t +2

 ,


1

1

−2

)
= 6t −3= 0 ⇒ t = 1

2

�\�w�q�V ,
∥∥∥−→PQ

∥∥∥=p
3. □

���r�q�`�o ,
∥∥∥−→PQ

∥∥∥2
�U�7	–�q�s�”�q�V , �J�™�›�¬�h�b .∥∥∥−→PQ

∥∥∥2 = (t − s)2+ (t + s +1)2+ (−2t +2)2 = 2
(

s + 1

2

)2

+6
(

t − 1

2

)2

+3

�`�h�U�l�o , s =−1

2
, t = 1

2
�w�q�V�7	–�‹

p
3 �›�q�” . □
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�«�J 1.13 �: A(1,−1,0) �›�è�“ , �Ú
¢ ℓ : x = y = z �q�¦�:�›�Ë�j , �T�m
π

3
�w

�s�b�¯�›�Ë�m�Ú
¢�w�M���Ü�›�{�Š�‘ .

Fig. 1.10

�¬ �r�t � Fig. 1.10 �w�‘�O�t�G�ø�›	��” . �‡�c , �: A �T�’�Ú
¢ ℓ �t�<�`�h
(
¢�w

� H �›�{�Š�” . �: H �x�Ú
¢ ℓ 	Í�t�K�”�w�p , �Í�å�Ý�”�» t �›�‹�Ö�` , x = y = z = t

�q�S�X�\�q�t�‘�“ ,

−−→
OH =


t

t

t



�\�w�q�V ,
−→
AH �q�Ú
¢�w�M�²�Õ�«�Ä�ç v =


1

1

1

 �U
(�Ú�s�w�p ,

(−→
AH,v

)
=

(
t −1

t +1

t

 ,


1

1

1

)
= 3t = 0 ⇒ t = 0

�`�h�U�l�o , H(0,0,0). �‡�h ,
∥∥∥−→AH

∥∥∥=p
2. �^�’�t , Fig. 1.10 �‘�“ ,

∥∥∥−→HP
∥∥∥=

p
2p
3

. �Ž

	Í�‘�“ , �: P �x ,

−→
OP=−−→

OH+−→
HP =−→

HP =±
p

2p
3
· 1p

3


1

1

1

=±
p

2

3


1

1

1


�h�i�` , Fig. 1.10 �t�K�”�‘�O�t , P' �‹�ß�Q�’�•�”�w�p , �®±�¯�›�ß�Q�o�M�” .
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�7	4�$�t , �{�Š�”�Ú
¢�x , �: A �›�è�“ , �M�²�Õ�«�Ä�ç�U
−→
AP �w�Ú
¢�p�K�” . �b�s

�˜�j ,

x −1

±p2−3
= y +1

±p2+3
= z

±p2
□

�h�i�` , ó�ø�‰	q�p�K�” .

�«�™ 1.11 ���r�q�`�o , �2ª
ƒ���t�‘�”�M�O�›�ß�Q�” . �: P �›�Í�å�Ý�”�»¯�Ô�b�•�y ,

−→
OP=

s

s

s

 �\�w�q�V ,
−→
AP �q�Ú
¢�w�M�²�Õ�«�Ä�ç v =

1

1

1

 �U
π

3
�w�¯�›�s�b�w�p ,

cos
π

3
= 1

2
=

(−→
AP,v

)
∥∥∥−→AP

∥∥∥∥v∥ = 3s√
3s2+2 ·p3

⇒ s =±
p

2

3

�`�h�U�l�o , �M�²�Õ�«�Ä�ç

−→
AP=t

(
±
p

2

3
−1 ±

p
2

3
+1 ±

p
2

3

)
= 1

3

±
p

2−3

±p2+3

±p2


�›�˜�” .

�ð 1.11 �: A(2,1,0) �›�Ú
¢ ℓ : x = y = z �›�à�q�`�o
π

2
�s�8�`�h�2ª�›�{�Š�‘ .

1.2.7 �í���t�S�Z�”���Ø�w�M���Ü

�\�w
…�p�x , ���Ø�w�M���Ü�›�‹	Z�b�” . �‡�c , �«�™ 1.10 �p�b�;�`�h�í���t�S�Z

�”���Ø�w�Í�å�Ý�”�»¯�Ô�›	º�p�b�” .

Fig. 1.11



bsn01ver1 : 2022/7/27(18:28)

1.2. �í���Õ�«�Ä�ç 27

���[ 1.6 �¢ �í���t�S�Z�”���Ø�w�Í�å�Ý�”�»¯�Ô �£ �í���t�S�Z�”���Ø	Í�w�:

P �›¯�b�Õ�«�Ä�ç x �x , ���Ø	Í�w�K�” 1 �:�›¯�b�Õ�«�Ä�ç x0 �q���Ø	Í�t�K

�” 2 �m�w�°�Í� �q�s�Õ�«�Ä�ç p, q( ̸=0) �q�Í�å�Ý�”�» s, t �›�;�M�o

−→
OP=−→

OA+ s
−→
AB+ t

−→
AC

⇔ x=x0+ sp+ tq (1.4)

�q¯�d�”�}�\�w�‘�O�s¯�Ô�›�í���t�S�Z�”���Ø�w�Í�å�Ý�”�»¯�Ô�q�M�O�}

���Ø�w�Õ�«�Ä�ç�M���Ü x=x0+ sp+ tq �t

x=


x

y

z

 , x0 =


x0

y0

z0



�›�E�Ö�`�o , �^�’�t , p, q �w�†�M�t
(�Ú�s�Õ�«�Ä�ç n, �b�s�˜�j , n=p×q =


a

b

c


�›�ß�€�b�”�q , (n,p) = (n,q) = 0 �s�w�p ,

(n,x−x0) = (n,sp+ tq) = 0

⇔
(

a

b

c

 ,


x −x0

y − y0

z − z0

)
= a(x −x0)+b(y − y0)+ c(z − z0) = 0

�q�s�” . �`�h�U�l�o , d =−ax0−by0− cz0 �q�S�Z�y

ax +by + cz +d = 0 (1.5)

�q¯�d�” . �m�‡�“�í���º�w���Ø�w�M���Ü�x x, y , �S�‘�| z �w �°�Í�M���Ü�q�s�” .


Œ�w�A�L�T�’ , �y�0�›�t�Ž�<�w���[�›	\�‚�”�\�q�U	Z�R�” .

���[ 1.7 �¢ �í���º�w���Ø�w�Õ�«�Ä�ç�M���Ü �£ �í���t�S�Z�”���Ø	Í�w�:�›¯

�b�Õ�«�Ä�ç x �x�|���Ø	Í�w�K�” 1 �:�›¯�b�Õ�«�Ä�ç x0 �q���Ø�q
(�Ú�s�Õ�«

�Ä�ç n( ̸=0) �›�;�M�o

(n,x−x0) = 0
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�q¯�d�”�} n �›�\�w���Ø�w�O
¢�Õ�«�Ä�ç�q�M�O . �\�w�q�V , �� �Ø	Í�w�:

(x0, y0,z0), �S�‘�|�O
¢�Õ�«�Ä�ç n=


a

b

c

 �t�0�`�o ,

a(x −x0)+b(y − y0)+ c(z − z0) = 0 (1.6)

�q�G	\�p�V�” .

�ð 1.12 �: A(2,1,1) �›�è�“ , �O
¢�Õ�«�Ä�ç�U n=

 1

1

−2

 �p�K�”���Ø�w�M���Ü�›�{�Š�‘ .

�«�J 1.14 3 �: A(2,1,−1), B(1,0,1), C(−2,1,1) �›�è�”���Ø�w�M���Ü�›�{�Š�‘ .

�¬ �r�t � ���Ø�w�M���Ü�t���`�o , ���Ø	Í�w�Ú
¢�w�>���‰�7�t (���[ 1.2 �€	° ),

�®���Ø�x , 1 �:�q�O
¢�Õ�«�Ä�ç�p�>�‡�” . �¯

�`�h�U�l�o ,
−→
AB,

−→
AC �w�†�M�t
(�Ú�s�Õ�«�Ä�ç n �›�Ž
u�t�‘�l�o�{�Š , (1.6) �t

�‘�l�o , ���Ø�w�M���Ü�›�-�‰�b�” . �\�w�M
��t�‘�•�y ,

−→
AB=


−1

−1

2

 ,
−→
AC=


−4

0

2



�›�{�Š , �Í�t
(�Ú�����›�{�Š�•�y�‘�M . �-�‰�›���o�t�b�”�h�Š�t ,
−→
AC �U


2

0

−1

 �t

���æ�p�K�”�\�q�›�b�;�`�o , �{�Š�”���Ø�w�O
¢�Õ�«�Ä�ç n �x ,

n=−→
AB×


2

0

−1

=


1

3

2


�Ž	Í�‘�“ ,

1 · (x −2)+3(y −1)+2(z +1)= 0 ⇔ x +3y +2z = 3 □
�«�™ 1.12 ���r�q�`�o , �{�Š�”���Ø�w�M���Ü�›

ax +by + cz +d = 0
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�q�S�V , 3 �: A(2,1,−1), B(1,0,1), C(−2,1,1) �›�E�Ö�b�•�y ,
2a +b − c +d = 0 (i)

a + c +d = 0 (ii)

−2a +b + c +d = 0 (iii)

�›�¬��b�” . �\�•�x , 4 �i�È�q�°�Í�M���Ü�s�w�p , a : b : c : d �›�{�Š�”�\�q�U�èª�q�s

�” �« 4. (i)+(Iii) �‘�“ , b+d = 0. (i) �t�E�Ö�`�o , 2a−c = 0. (ii) �‘�“ , 3a+d = 0. �Ž	Í�‘�“ ,

a : b : c : d = a : 3a : 2a :−3a = 1 : 3 : 2 :−3 a ̸= 0

�Ž	Í�‘�“ x +3y +2z = 3 �›�˜�” . �\�w�M�O�x , �°j���›�$�p�K�”�U , �M���Ü�›�r�Xž�A
Q

�T�’�Ì���U�T�T�”�\�q�U�É�:�p�K�” .

�ð 1.13 3 �: A(0,1,−1), B(1,2,1), C(2,1,0) �›�è�”���Ø�w�M���Ü�›�{�Š�‘ .

�ð 1.14 �: A(1,1,0) �›�è�“ , �Ú
¢ x = 2(y −1)= z �›���‰���Ø�w�M���Ü�›�{�Š�‘ .

�ð 1.15 2 �Ú
¢ x = y = z −1, x +1= y −2= z −2 �w�†�M�›���‰���Ø�w�M���Ü�›�{�Š�‘ .

�ð 1.16 2 �Ú
¢ x −1= y

2
= z −1

3
,

x +1

5
= y

2
= z −2 �U 1 �:�p�¦�˜�”�\�q�›�Ô�` , �f�w�†

�M�›���‰���Ø�w�M���Ü�›�{�Š�‘ .

�«�J 1.15 2 ���Ø x − y + z = 1, 2x + y − z = 2 �w�¦
¢�w�M���Ü�›�{�Š�‘ .

Fig. 1.12

�¬ �r�t � �‡�c , �¦
¢�›�è�”�:�›�{�Š�”ž�A�U�K�” . �q�“�K�Q�c z = 0 �q�b�•�y ,

x − y = 1, 2x + y = 2 �q�s�“ , �\�•�›�r�Z�y , (1,0,0) �›�˜�” . �Í�t , �M�²�Õ�«�Ä�ç

�« 4�î�M , 
¢���E
:�¶ I �p	Ä�I�›
†�Ì�b�”
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�x , ���Ø�w�O
¢�Õ�«�Ä�ç n1 =


1

−1

1

, n2 =


2

1

−1

 �w�†�M�t
(�Ú�p�K�” . �`�h�U�l

�o , �Ž
u�t�‘�“ , v =


0

1

1

 �›�˜�” . �Ž	Í�‘�“ ,

x = 1, y = z □
�«�™ 1.13 z = 0 �p�q�“�K�Q�c�¦
¢	Í�w�:�›�{�Š�h�U , 	Ô�ù�t�‘�l�o�x , y = 0 �• z = 0 �q

�`�o�‹�‘�M .

x−y+z = 1, 2x+y−z = 2 �T�’ 2 �Ü�›��`�o , x = 1. �\�•�‘�“ , ���Ø�t�í�`�o ,−y+z = 0

�›�˜�” . �\�•�x , �Ú
¢�›¯�b .

�ð 1.17 2 ���Ø x + y + z = 0, 2x + y − z = 2 �w�¦
¢�w�M���Ü�›�{�Š�‘ .

���[ 1.8 �í���º�w�: A(x0, y0,z0) �T�’���Ø α : ax +by + cz +d = 0 �t�<�–

�`�h
(
¢�w��› H �q�S�X�q�V�|
¢ü AH �w�Õ�^�›�: A �q���Ø α �w�‘�m�q��

�[�b�” .

�\�w�q�V , �: A(x0, y0,z0) �T�’���Ø α : ax +by + cz +d = 0 �w�‘�m L �x

L = |ax0+by0+ cz0+d |p
a2+b2+ c2

�p�)�Q�’�•�” .

�¬ 	Â�Ì � 
(
¢�w� H(x1, y1,z1) �x , �: A(x0, y0,z0) �è�“ , �M�²�Õ�«�Ä�ç


a

b

c

 �t

�Ë�m�Ú
¢	Í�t�K�”�w�p ,
x

y

z

=


x0

y0

z0

+ t


a

b

c

=


x0+at

y0+bt

z0+ ct


�°�M , �: H �x , ���Ø α 	Í�t�K�”�w�p , �E�Ö�`�o ,

a(x0+at )+b(y0+bt )+ c(z0+ ct )+d = 0

⇒ t = t1 =−ax0+by0+ cz0+d

a2+b2+ c2
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�`�h�U�l�o ,
x1−x0

y1− y0

z1− z0

= t1


a

b

c

=−ax0+by0+ cz0+d

a2+b2+ c2


a

b

c


⇒ L =

√
(x1−x0)2+ (y1− y0)2+ (z1− z0)2 = |ax0+by0+ cz0+d |p

a2+b2+ c2
□

1.2.8 �í���t�S�Z�”�•�Ø�w�M���Ü

�í���º�w�•�Ø�x , ���Ø	Í�w���q�‰�7�t , �¤	ú�qR���p���‡�” .

�«�J 1.16 �¤	ú (a,b.c), R�� r (> 0) �w�•�Ø�M���Ü�x

(x −a)2+ (y −b)2+ (z − c)2 = r 2

�p�K�” . �î�M , �\�w�‘�O�s�•�Ø	Í�w�: (x, y,z) �x�Í�å�Ý�”�» θ, ϕ, (0 ≤ θ ≤
π, 0≤ϕ< 2π) �›�;�M�o

x=


x

y

z

=


a

b

c

+


r sin θcosϕ

r sin θsinϕ

r cosθ


�q¯�d�” . �\�•�‘�“ , x = a + r sin θcosϕ, y = b + r sin θsinϕ, z = c + r cosθ

�p�K�”�T�’ , θ, ϕ �›	«�ˆ�b�•�y�•�Ø�w�M���Ü�U�˜�’�•�” .

Fig. 1.13
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�«�J 1.17 �•�Ø (x −1)2+ (y +1)2+ z2 = 6 �q�Ú
¢ x −1= y −2

−2
= z −3

−1
�w�¦

�:�›�{�Š�‘ .

�¬ �r�t � �‡�c , �Ú
¢	Í�w�: P �›�Í�å�Ý�”�»¯�Ô�b�•�y ,

−→
OP=


x

y

z

=


1

2

3

+ t


1

−2

−1

=


t +1

−2t +2

−t +3


�: P �U�•�Ø	Í�t�K�”�w�p�E�Ö�`�o ,

t2+ (−2t +3)2+ (−t +3)2 = 6 ⇔ t2−3t +2= (t −1)(t −2)= 0 ⇔ t = 1, 2

�`�h�U�l�o , t = 1 �w�q�V (2,0,2), t = 2 �w�q�V , (3,−2,1). □
�ð 1.18 �•�Ø x2+ y2+ (z −1)2 = 11 �q�Ú
¢ x −2= y −3

2
= z −2

−2
�w�¦�:�›�{�Š�‘ .

�«�J 1.18 �•�Ø x2+ y2+z2−4x +2y −6z −11= 0 �q���Ø x −2y +2z = 1 �U

�K�” . �•�Ø�q���Ø�w�¦�˜�“�w���w�¤	ú�qR���›�{�Š�‘ .

Fig. 1.14

�¬ �r�t � (x −2)2+ (y +1)2+ (z −3)2 = 52 �q�!���p�V�”�w�p , �¤	ú�U (2,−1,3),

R�� r = 5 �w�•�Ø�›¯�b . ���w�¤	ú�w�2ª�x , �¤	ú (2,−1,3) �›�è�“ , ���Ø�w�O
¢

�Õ�«�Ä�ç�›�M�²�Õ�«�Ä�ç


1

−2

2

 �t�‹�m�Ú
¢�q���Ø�w�¦�:�p�K�”�w�p , ���w�¤	ú
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�›�Í�å�Ý�”�»¯�Ô�b�•�y ,

−→
OP=


x

y

z

=


2

−1

3

+ t


1

−2

2

=


t +2

−2t −1

2t +3


�\�w�:�U���Ø	Í�t�K�”�w�p�E�Ö�`�o ,

t +2−2(−2t −1)+2(2t +3)= 1 ⇔ t =−1

�`�h�U�l�o , ���w�¤	ú�x , (1,1,1). �‡�h , �¤	ú (2,−1,3) �T�’���Ø x−2y +2z = 1 �‡

�p�w�‘�m L �x ,

L = |2+ (−2) · (−1)+6−1|√
12+ (−2)2+22

= 3

�Ž	Í�T�’ , ���wR�� R �x , R =
p

52−32 = 4. □
�«�™ 1.14 �•�Ø�w�¤	ú (2,−1,3) �q �� (1,1,1) �w�¤	ú�q�w�‘�m�q�`�o ,

L =
√

(2−1)2+ (−1−1)2+ (3−1)2 = 3

�q�`�o�-�‰�`�o�‹�‘�M .

�ð 1.19 �•�Ø x2+ y2+ z2 = 1 �q���Ø x + y + z = 1 �U�K�” . �•�Ø�q���Ø�w�¦�˜�“�w���w�¤

	ú�qR���›�{�Š�‘ .

�«�J 1.19 4 �: A(2,2,0), B(2,0,4), C(−1,2,1), D(3,2,3) �›�è�”�•�Ø�w�M���Ü

�›�{�Š�‘ .

�¬ �r�t � �{�Š�”�•�Ø�w�M���Ü�›

x2+ y2+ z2+ax +by + cz +d = 0

�q�S�X . 4 �:�›�è�”�w�p �E�Ö�b�•�y ,
2a +2b +d =−8

2a +4c +d =−20

−a +2b + c +d =−6

3a +2b +3c +d =−22

(1.7)

�q�s�” . �\�•�’�›�r�M�o , (a,b,c,d ) = (−2,−2,−4,0). �Ž	Í�‘�“ ,

x2+ y2+ z2−2x −2y −4z = 0 □
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�ð 1.20 4 �: A(−2,8,−1), B(−2,5,6), C(0,−2,1), D(3,3,3) �›�è�”�•�Ø�w�M���Ü�›�{�Š�‘ .

�è	× , �ô�s�¶�Í�t�S�M�o , 4 �i�È�q�°�Í�M���Ü (1.7) �›�r�X�\�q�x , �;�•�$�s�-

�‰�t�s�”�w�p , �^�æ�^�•�”�\�q�x�Š�l�h�t�s�M . �`�T�`�s�U�’ , 
¢���E
:�¶�p�x ,

�o�i�q�`�o�®�È�q�°�Í�M���Ü� �̄U���O�b�” . �î�M , �¦�ï�Ã�Ú�ï�Å�è�[�p�x , �\�w�o

�i�›���‰ . �\�\�p�x , �È�q�°�Í�M���Ü�›�¯�ï�Ð�á�”�»�t�‘�l�o�{�Š�”�\�q�›�>��

�`�o , 
ß�V	Z�`�O (sweep-out method/row reduction) �« 5�t�m�M�o
†�Ì�b�” .

�‡�c , �Ž�<�w���o�s 3 �i�È�q�°�Í�M���Ü�›
ß�V	Z�`�O�t�‘�l�o�r�X .
x + y −2z = 3 (i)

−x + y + z = 0 (ii)

2x − y − z = 3 (iii)


ß�V	Z�`�O�w�,�Š�x ,

�®�M���Ü�w��
:��›���w�M���Ü�t�C�Q�o�‹�!�˜�’�s�M �¯


Q�í�›�b�;�b�” . �b�s�˜�j , (ii)+(i) �• , (iii)-(i) ×2 �s�w
â�^�›�æ�O .
x + y −2z = 3 (i)

(ii) + (i) 0x +2y − z = 3 (ii) ′

(iii) − (i) ×2 0x −3y +3z =−3 (iii) ′

�Í�t , (ii) ′ �›
¶�. 2 �p�Â�l�o , �Ž�<�w
â�^�›�æ�s�O .
(i) − (ii) ′′ x +0y − 3

2 z = 3
2 (i) ′′

(ii) ′× 1
2 0x + y − 1

2 z = 3
2 (ii) ′′

(iii) ′+ (ii) ′′×3 0x +0y + 3
2 z = 3

2 (iii) ′′

�¾�V���V , (iii) ′′ �›
¶�. 3
2 �p�Â�l�o , �Ž�<�w
â�^�›�æ�s�O .

(i) ′′+ (iii) ′′′× 3
2 x +0y +0z = 3 (i) ′′′

(ii) ′′+ (iii) ′′′× 1
2 0x + y +0z = 2 (ii) ′′′

(iii) ′′× 2
3 0x +0y + z = 1 (iii) ′′′

�Ž	Í�‘�“ , (x, y,z) = (3,2,1) �›�˜�” . �\�•�›���Ü�$�t�Ž�<�w�‘�O�t�G	\�b�” .
1 1 −2 3

−1 1 1 0

2 −1 −1 3

→


1 1 −2 3

0 2 −1 3

0 −3 3 −3


�« 5�¨�¢�µ�w	«�ˆ�O (Gaussian elimination) �q�‹�z�y�•�” .
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→


1 0 − 3

2
3
2

0 1 − 1
2

3
2

0 0 3
2

3
2

→


1 0 − 3

2
3
2

0 1 − 1
2

3
2

0 0 1 1

→


1 0 0 3

0 1 0 2

0 0 1 1


�\�\�p , �°j�È���U�r�›¯�`�o�M�” .

�7�™�t , 
ß�V	Z�`�O�t�‘�l�o , (1.7) �›�r�X .
2 2 0 1 −8

2 0 4 1 −20

−1 2 1 1 −6

3 2 3 1 −22

→


1 1 0 1

2 −4

0 −2 4 0 −12

0 3 1 3
2 −10

0 −1 3 − 1
2 −10



→


1 0 2 1

2 −10

0 1 −2 0 6

0 0 7 3
2 −28

0 0 1 − 1
2 −4

→


1 0 2 1

2 −10

0 1 −2 0 6

0 0 1 3
14 −4

0 0 1 − 1
2 −4



→


1 0 0 1

14 −2

0 1 0 3
7 −2

0 0 1 3
14 −4

0 0 0 − 5
7 0

→


1 0 0 0 −2

0 1 0 0 −2

0 0 1 0 −4

0 0 0 1 0


�\�\�p , �°j�È���t�K�” (a,b,c,d ) = (−2,−2,−4,0) �U�r�›¯�`�o�M�” . □
�«�™ 1.15 �È�q�°�Í�M���Ü�›�ß�Q�”	Ô�ù , �°�Œ
:�U�M���Ü�w
:�‘�“���M	Ô�ù�U���O�b�” .

�«�Q�y , �«�J 1.15 �p�x , x − y + z = 1, 2x + y − z = 2 �› 2 ���Ø�q�r	�`�h�U , �\�•�›�°�Œ
:

�U x, y , z �w 3 �m�t�0�`�o , �M���Ü�w
:�U 2 �m�p�K�”�È�q�°�Í�M���Ü�q�ß�Q�”�\�q�U�p�V

�” . ��	—�°`�=�`�o , �Ž�<�w�ð�J�›�ß�Q�” .

a �›��
:�q�b�” . �È�q�°�Í�M���Ü x − y + z = 1, 2x + y +az = 2 �›�r�Z .


ß�V	Z�`�O�t�‘�l�o�r�X . ���›�$�t¯�q�b�•�y ,[
1 −1 1 1

2 1 a 2

]
→

[
1 −1 1 1

0 3 a −2 0

]
→

[
1 0 a+1

3 1

0 1 a−2
3 0

]

�\�•�x , 
x + a +1

3
z = 1

y + a −2

3
z = 0

�q�‰�‹�p�K�” . �`�h�U�l�o ,
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(i) a =−1 �w�q�V , x = 1, y = z. �\�•�x , �«�J 1.15 �q�‰�a�A�L�p�K�” .

(ii) a = 2 �w�q�V , x + z = 1, y = 0.

(ii) a ̸= −1 �T�m a ̸= 2 �w�q�V ,
x −1

−a −1
= y

−a +2
= z

3
(1.8)

�q�s�” .

(i), (ii), (iii) �M�c�•�‹�2�?�¶�$�t�_�•�y�Ú
¢�›¯�b . �°�M , �È�q�°�Í�M���Ü�q�ß�Q�•�y ,

�°�Œ
:�U���M	Ô�ù , z �›�Í�å�Ý�”�»�q�`�o , �r x, y �U�Í�å�Ý�”�»¯�q�^�•�”�\�q�›�™�¯�b

�” . �\�•�’�‹�¦�ï�Ã�Ú�ï�Å�è�[�p�{�O . �j�s�ˆ�t , �Ž
u�›�b�;�b�•�y , 2 ���Ø�w�O
¢�Õ�«�Ä

�ç n1 =

 1

−1

1

,n2 =

2

1

a

 �w�†�M�t
(�Ú�p�K�”�Õ�«�Ä�ç�w�°�m�q�`�o ,v =

−a −1

−a +2

3

 �›�˜

�” . �\�•�x , (1.8) �p¯�^�•�”�Ú
¢�w�M���Ü�t�S�Z�”�M�²�Õ�«�Ä�ç�q�°�•�`�o�M�” .

���[ 1.9 �¢ �•�Ø�w�Õ�«�Ä�ç�M���Ü �£ �í���º�t�S�Z�”�•�Ø	Í�w�:�›¯�b�Õ�«

�Ä�ç x �x , �¤	ú�w�•�”�Õ�«�Ä�ç a �qR�� r �›�;�M�o

∥x−a∥ = r

�q¯�d�”�}�\�w�‘�O�s¯�Ô�› �•�Ø�w�Õ�«�Ä�ç�M���Ü �q�M�O�}

�«�J 1.20 x y z �í���t�S�M�o ,
∥∥∥−→OA

∥∥∥= 1,(−→
OP,

−→
OA

)2+
∥∥∥−→OP−

(−→
OP,

−→
OA

)−→
OA

∥∥∥2 = 1

�›�¬�h�b�q�V , �: P �w�J
{�›�{�Š�‘ . (2009 
��•�G�¶ (�~�J ))

�¬ �r�t �
−→
OP=p,

−→
OA=a �q�S�X . �h�i�` , ∥a∥ = 1 �p�K�” . �\�w�q�V ,

(p,a)2+∥p− (p,a)a∥2 = 1

⇒ (p,a)2+∥p∥2−2(p,a)2+ (p,a)2∥a∥2 = 1

⇒∥p∥2 = 1 ⇔ ∥p∥ = 1

�`�h�U�l�o , �j�:�¤	úR�� 1 �w�•�Ø�›¯�b . □
�ð 1.21 1 �%�w�Õ�^�U 2 �p�K�”
Y�›�Ø�. ABCD �t�º
€�b�”�•�Ø	Í�t�: P �›�q�” . �\�w�q

�V, �Ž�<�w�‹�U�°���p�K�”�\�q�›�Ô�d .

L = ∣∣−→AP
∣∣2+ ∣∣−→BP

∣∣2+ ∣∣−→CP
∣∣2+ ∣∣−→DP

∣∣2
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1.2.9 �í���t�S�Z�”���w�Í�å�Ý�”�»¯�Ô

�•�Ø�q���Ø�w�¦�˜�“�x���q�s�”�U , �f�w�Í�å�Ý�”�»¯�Ô�x , �í���t�S�Z�”���Ø

�w�Í�å�Ý�”�»¯�Ô (1.4) �›
M�v�`�h���Ü�p¯�q�p�V�” . �é�.�$�t ,
x

y

z

=


x0

y0

z0

+ r cosθ p+ r sin θ q, ∥p∥ = ∥q∥ = 1, (p,q) = 0, 0≤ θ < 2π (1.9)

�p�K�•�y , �í���p�¤	ú�U (x0, y0,z0), R�� r �w��	*�›¯�b . �\�\�p , ���Ø�w�Í�å

�Ý�”�»¯�Ô (1.4) �t�S�M�o , s = r cosθ, t = r sin θ �‘�“ , s2+ t2 = 1 �q�M�O
M�v�U

�C�˜�” .

�«�J 1.21 �í���º�w�: P (x, y,z) �U x2+ y2+z2 = 1, x + y +z = 0 �›�¬�h�b�q

�V, ���: A(1,0,0) �‡�p�w�‘�m AP �w�7	–�‹�›�{�Š�‘ .

�¬ �r�t � �\�w�¦�˜�“�w
$���x , �Ì�’�T�t�j�:�¤	ú , R�� 1 �w��	*�p�K�” . �‡�h ,

��	*	Í�w�: P �x , (1.9) �t�‘�l�o , �Í�å�Ý�”�» 0≤ θ < 2π �›�b�;�`�o , �Ž�<�w�‘�O

�t¯�q�p�V�” .

−→
OP=


x

y

z

=


0

0

0

+cosθ
1p
2


1

−1

0

+sin θ
1p
6


1

1

−2



= cosθp
2


1

−1

0

+ sin θp
6


1

1

−2


�h�i�` , (1.7) �w�Õ�«�Ä�ç p, q �w
¬�|�M�x , �‡�c , �0	¶
Q�›�ß�Q�o , �‹�l�q�‹���o�s

�‹�w�p , p= 1p
2


1

−1

0

 �U
¬�R�p�V�” . �Í�t , ���Ø�w�O
¢�Õ�«�Ä�ç


1

1

1

 �q p �w�†�M

�t
(�Ú�s�o�•�Õ�«�Ä�ç�q�`�o , �Ž
u�›�b�;�`�o , q = 1p
6


1

1

−2

 �›
¬�R�`�o�M�” .
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�`�h�U�l�o ,

−→
AP=


−1

0

0

+ cosθp
2


1

−1

0

+ sin θp
6


1

1

−2


�s�w�p ,

|−→AP|2 = 1+cos2θ+sin2θ− 2p
2

cosθ− 2p
6

sin θ

= 2−2

√
2

3
sin

(
θ+ 1

3
π

)

�q�s�“ , �7	–�‹�x , θ = π

6
�w�q�V

√
2−2

√
2

3
�p�K�” . □

1.3 n �Í�i�Õ�«�Ä�ç

1.3.1 n �Í�i�Õ�«�Ä�ç�w�,
Å

n �x�w�î
: a1, a2, ... , an �w
Ê�›	N�t���‚�o	{�M�h

a=


a1

a2

...

an

 ∈Rn

�› n �Í�i�Õ�«�Ä�ç�q�‘�• . 2 �m�w n �Í�i�Õ�«�Ä�ç

a=


a1

a2

...

an

 , b=


b1

b2

...

bn


�q�î
: k �t�0�`�o , �è�q�î
:��›

a+b=


a1+b1

a2+b2

...

an +bn

 , ka=


ka1

ka2

...

kan
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�¬ 	Â�Ì � (2) �w�ˆ	Â�Ì�›�æ�O .

a=


a1

a2

...

an

 , b=


b1

b2

...

bn


�q�S�Z�y , �Ú�™�w�î
: t �t�0�`�o ,

n∑
k=1

(ak t +bk )2 =
(

n∑
k=1

a2
k

)
t2+2

(
n∑

k=1
ak bk

)
t +

(
n∑

k=1
b2

k

)
= ∥a∥2t2+ (a,b)t +∥b∥2 ≥ 0

�\�\�p , ∥a∥ = 0 �w�q�V�x , a=0 �p
R�q�b�” . �°�M , ∥a∥ ̸= 0 �w�q�V�x , t �t���b�”

2 �ÍÆ�s�Ü�q�ß�Q�”�q , Q���Ü�x 0 �Ž�<�p�s�Z�•�y�s�’�s�M .

D

4
= (a,b)2−∥a∥2 · ∥b∥2 ≤ 0

⇒ ∣∣(a,b
)∣∣≤ ∥∥a∥∥∥∥b∥∥ □

�‡�h , �s�ø�x , a= kb �w�q�V
R�q�b�” .

�«�J 1.22 �Ã�”�»	B�ù (xk , yk ), (k = 1,2, . . . ,n) �t�0�`�o , 
ì����
: (correla-

tion coef�cient) �x , �Ž�<�w�‘�O�t���[�^�•�” .

ρx y = Cov(X , Y )p
V (X )

p
V (Y )

= Cov(X , Y )

σxσy

�h�i�` , ü�„ (variance) , �žü�„ (covariance) �x , �Ž�<�w�‘�O�t���[�^�•�” .

V (X ) =σ2
x = E

(
(X −µx )2)= 1

n

(
(x1−µx )2+ (x2−µx )2+·· ·+ (xn −µx )2

)
= 1

n

n∑
k=1

(xk −µx )2 = E (X 2)−µ2
x

V (Y ) =σ2
y = E

(
(Y −µy )2)= 1

n

(
(y1−µy )2+ (y2−µy )2+·· ·+ (yn −µy )2

)
= 1

n

n∑
k=1

(yk −µy )2 = E (Y 2)−µ2
y

Cov(X ,Y ) = E ((X −µx )(Y −µy ))

= 1

n

n∑
k=1

(
xk −µx

)(
yk −µy

)= E (X Y )−µxµy
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E (X Y ) = x1y1+x2y2+·· ·+xn yn

n
= 1

n

n∑
k=1

xk yk

µx = E (X ) = x1+x2+·· ·+ xn

n
= 1

n

n∑
k=1

xk

µy = E (Y ) = y1+ y2+·· ·+ yn

n
= 1

nÆ1
xk B0 35 x1
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�h�i�` ,

sx y = 1

n

(
(x1− x̄)(y1− ȳ)+ (x2− x̄)(y2− ȳ)+·· ·+ (xn − x̄)(yn − ȳ)

)
= 1

n

n∑
k=1

(
xk − x̄

)(
yk − ȳ

)= 1

n

n∑
k=1

xk yk − x̄ ȳ

s2
x = 1

n

(
(x1− x̄)2+ (x2− x̄)2+·· ·+ (xn − x̄)2

)
= 1

n

n∑
k=1

(xk − x̄)2 = 1

n

n∑
k=1

x2
k − x̄2

s2
y = 1

n

(
(y1− ȳ)2+ (y2− ȳ)2+·· ·+ (yn − ȳ)2

)
= 1

n

n∑
k=1

(yk − ȳ)2 = 1

n

n∑
k=1

y2
k − ȳ2

x̄ = 1

n

n∑
k=1

xk , ȳ = 1

n

n∑
k=1

yk

�«�J 1.23 ��
: d ̸= 0, a1, a2, ... , an �›�)�Q�h�q�V ,

a1x1+a2x2+·· ·+an xn +d = 0

�›�¬�h�`�s�U�’�ˆ�X�q�b�” . �\�w�q�V , ��
:

f = x2
1 +x2

2 +·· ·+x2
n

�w�7	–�‹�›�{�Š�‘ .

�¬ �r�t � �‡�c ,

a=


a1

a2

...

an

 , x=


x1

x2

...

xn


�q�b�•�y , �³�á�ë�ç�À�wÆ�s�Ü�t�‘�“ ,

(−d )2 = (a1x1+a2x2+·· ·+an xn)2 = (a,x)2

≤ ∥a∥2∥x∥2 = (a2
1 +a2

2 +·· ·+a2
n)(x2

1 +x2
2 +·· ·+ x2

n)

�`�h�U�l�o ,

f = x2
1 +x2

2 +·· ·+x2
n ≥ d2

a2
1 +a2

2 +·· ·+a2
n
= d2

∥a∥2 □

�h�i�` , �s�ø�x ,

xk = x∗
k =− d ak

∥a∥2 , k = 1,2, . . . ,n
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�w�q�V�t
R�“�q�m .

�«�™ 1.17 a=


a1

a2
...

an

 ∈Rn , a ̸= 0 �t�0�`�o ,

a1x1+a2x2+·· ·+an xn +d = 0

�›�¬�h�b x=


x1

x2
...

xn

 ∈Rn �w	B�ù�› �Ò���Ø (hyperplane) �q�M�O. �\�•�x , �í���t�S�Z�”��

�Ø�w�M���Ü (1.5) �w�°`�=�p�K�” .

3 �Í�i�í���q�‰�7�t , n �Í�i�Õ�«�Ä�ç�í���º�w�: A(α1,α2, . . . ,αn ) �T�’�Ò���Ø

Γ : a1x1+a2x2+·· ·+an xn +d = 0

�t�<�–�`�h
(
¢�w��› H �q�S�X�q�V�|
¢ü AH �w�Õ�^�›�: A �q���Ø Γ �w�‘�m�q���[�b

�” . �\�w�q�V ,

L = |a1α1+a2α2+·· ·+anαn +d |√
a2

1 +a2
2 +·· ·+a2

n

=

∣∣∣∣∣ n∑
k=1

akαk +d

∣∣∣∣∣√√√√ n∑
k=1

a2
k

�p�)�Q�’�•�” . �\�w�A�L�›�b�;�b�•�y , f �w�7	–�‹�x , �‘�m AH �w 2 	Ð�t�s�`�M . �b�s�˜�j ,

�Ž�<�w�‘�O�t�-�‰�^�•�” .

f = x2
1 +x2

2 +·· ·+x2
n ≥ |d |2√√√√ n∑

k=1
a2

k

2 = d2

∥a∥2 □

�«�™ 1.18 
¶�X�Ÿ�s�”�M�O�q�`�o , �å�¬�å�ï�´�á�w�°��	Ð
:�O (method of Lagrange

multiplier) �t�‘�”�r�O�U�K�”�¦ 2�§ . �b�s�˜�j , a1x1+a2x2+·· ·+an xn +d = 0 �›�Æ��

	Ú�E�q�`�o , f �U�7	–�q�s�”	Ú�E�›�‹	Z�b�” .

�‡�c , �å�¬�å�ï�´�á��
:

L = x2
1 +x2

2 +·· ·+x2
n +L(a1x1+a2x2+·· ·+an xn +d )

=
n∑

k=1
x2

k +L

(
n∑

k=1
ak xk +d

)
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�›���[�b�” . �h�i�` , L �x �å�¬�å�ï�´�á��
: (Lagrange multiplier) �p�K�” . �\�w�q�V , � 

•ü (partial derivative) �›�æ�s�M

∂L

∂xk
= 2xk +Lak = 0 ⇒ xk = x∗

k =−L∗
2

ak , k = 1,2, . . . ,n

�›�˜�” �« 7. �Í�t , �Æ��	Ú�E�t�E�Ö�` ,

a1x1+a2x2+·· ·+an xn +d =−L

2

n∑
k=1

a2
k +d = 0

⇒ L = L∗ = 2d
n∑

k=1
a2

k

�›�˜�” . �`�h�U�l�o ,

xk = x∗
k =−L∗

2
ak =− d ak

n∑
k=1

a2
k

, k = 1,2, . . . ,n

�Ž	Í�‘�“ ,

f ≥
n∑

k=1
(x∗

k )2 = d2(a2
1 +a2

2 +·· ·+a2
n )(

n∑
k=1

a2
k

)2 = d2

∥a∥2 □

�h�i�` , ž�A	Ú�E�t�a�W�s�M�\�q�t�«�™�Už�A�p�K�” .

�« 7∗ �x�7�&
Q�w�™�¯�p�K�” . �b�s�˜�j , �7	–�‹�›�)�Q�”�!
:�p�K�” .
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�H 1 	·

�ð 1.1 x=
(

x

y

)
=

(
2

1

)
+ t

(
−1

4

)
=

(
2− t

1+4t

)
.. �ƒ�M�x , x=

(
x

y

)
=

(
1

5

)
+ t

(
1

−4

)
=

(
1+ t

5−4t

)
. �‹�D .

�ð 1.2 �‡�c , �ˆ�: P �w�Í�å�Ý�”�»¯�Ô�x ,
−→
OP=

(
x

y

)
=

(
t

2− t

)
�p�K�” .

�`�h�U�l�o ,
(−→
OP,

−→
OA

)
= 2t +2(2− t ) = 4 �p�°���p�K�” .

�ð 1.3 h= 1

6
a+ 5

9
b

�ð 1.4 ∥x∥2−2(a,x) = 0 ⇒ ∥x−a∥2 = ∥a∥2 ⇔ ∥x−a∥ = ∥a∥ �q�!���p�V�”�w�p , �¤	ú�U a, R��

r = ∥a∥ �w���›¯�b . �s�S , �\�w���x�j�:�›�è�” .

�ð 1.5
π

4
. [cos∠BAP=

(−→
AP,

−→
AB

)
∥−→AP∥∥−→AB∥ = 2(t2+2)√

t4+4t2+4 ·2p2
= 1p

2
]

�ð 1.6 S = 1

2

√
4a2+b2+4.

�ð 1.7 e=± 1p
14

 1

−2

3

 .

�ð

�ð ,
xk
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�ð 1.18 (1,1,4),
(

5
3 , 7

3 , 8
3

)
.

�ð 1.19 �¤	ú
(

1
3 , 1

3 , 1
3

)
, R��

p
6

3 .

�ð 1.20 x2+ y2+ z2+4x −6y −2z −15= 0.

�ð 1.21 L = |−→AP|2 +|−→BP|2 +|−→CP|2 +|−→DP|2 = 20

3
. [�º
€�•�w�¤	ú�› O �q�b�” . �‡�h ,

−→
OP= p,

−→
OA=a,

−→
OB= b,

−→
OC= c,

−−→
OD =d �q�S�X . �¤	ú O �x
Y�›�Ø�.�w	O	ú�s�w�p , 1

4 (a+b+c+d) = 0 �t�«�™�`

�o , L = 4∥p∥2 +∥a∥2 +∥b∥2 +∥c∥2 +∥d∥2. �‡�h , �º
€�•�wR�� r = ∥p∥ = 1p
6

, ∥a∥ = ∥b∥ = ∥c∥ =

∥d∥ =
√

3
2 �›�b�;�b�” . ]
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